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ABSTRACT: We use the entropy function formalism to study the effect of the Gauss-Bonnet
term on the entropy of spherically symmetric extremal black holes in heterotic string theory
in four dimensions. Surprisingly the resulting entropy and the near horizon metric, gauge
field strengths and the axion-dilaton field are identical to those obtained by Cardoso et
al. for a supersymmetric version of the theory that contains Weyl tensor squared term
instead of the Gauss-Bonnet term. We also study the effect of holomorphic anomaly on
the entropy using our formalism. Again the resulting attractor equations for the axion-
dilaton field and the black hole entropy agree with the corresponding equations for the
supersymmetric version of the theory. These results suggest that there might be a simpler
description of supergravity with curvature squared terms in which we supersymmetrize the
Gauss-Bonnet term instead of the Weyl tensor squared term.

KeEywoRrDS: Black Holes in String Theory, Superstrings and Heterotic Stringy.

© SISSA 2006 http://jhep.sissa.it/archive/papers/jhep032006008 / jhep032006008 . pdf


mailto:ashoke.sen@cern.ch
mailto:sen@mri.ernet.in
http://jhep.sissa.it/stdsearch

Contents

1=

. Introduction and summary

5

2. Black hole entropy function

U

Bl Dyonic black holes in heterotic string theory

M. N =4 supersymmetric theories and holomorphic anomaly

EE

[Al. Normalization of the charges

1. Introduction and summary

In a previous paper [fl] we developed a simple method for computing the entropy of a
spherically symmetric extremal black hole in a theory of gravity coupled to abelian gauge
fields, neutral scalar fields (and possibly other anti-symmetric tensor fields in dimension
> 4) with arbitary higher derivative interactions. In particular we gave an algorithm for
constructing an ‘entropy function’, — a function of the parameters labelling the near hori-
zon background, — such that extremization of this function with respect to the parameters
determines the correct values of these parameters for a given set of charges carried by the
black hole. Furthermore the value of this function at the extremum gives the entropy of
the black hole. Related (but complementary) results have been obtained in [J, B

In this paper we apply this method to study the effect of higher derivative terms on the
entropy of various extremal black holes in four dimensional heterotic string theory. More
specifically we add to the usual supergravity action a Gauss-Bonnet term that is known
to arise in tree level heterotic string theory [H, fl], and analyze the black hole entropy in
the resulting theory. This problem was studied earlier in in an approximation where
the modification of the near horizon geometry due to the Gauss-Bonnet term was ignored,
and only the additional contribution of the Gauss-Bonnet term to the expression for the
entropy was taken into account. A somewhat different scheme, where again we do not
explicitly take into account the effect of backreaction of the Gauss-bonnet term on the
near horizon geometry, has been suggested in [[fl. The entropy function formalism allows
us to go beyond these approximations.

During this study we find some surprises. Refs. [§—[17] studied a closely related theory,
where instead of the Gauss-Bonnet term we add to the action a term proportional to the
square of the Weyl tensor and infinite number of other terms required for supersymmetric
completion of the action. The coefficient function of the Weyl tensor squared term is ad-
justed so that the term involving the square of the Riemann tensor has the same coefficient



in both theories. Black hole entropy in these supersymmetric theories was computed using
a completely different method. In the appropriate approximation the results of these com-
putations turned out to agree with those of [f, [Jl. We find that after taking into account
the effect of backreaction our results for not only the black hole entropy, but also the near
horizon metric, gauge field strengths and the axion-dilaton field, agree with those of [§—[F].
This exact agreement between the two sets of results is surprising considering that we do
not even have a fully supersymmetric action. This perhaps suggests that there is a simpler
way to supersymmetrize curvature squared terms in the action based on the Gauss-Bonnet
combination rather than the Weyl tensor squared term. It will be interesting to explore
this possibility.

Heterotic string theory on 7°¢ and more general CHL compactifications discussed
in [[d-R1] have S-duality symmetry group SL(2,Z) (as in the case of toroidal compact-
ification [J]) or a subgroup of SL(2,Z) (as in the case of CHL models [[[]). The tree
level curvature squared terms are not invariant under this S-duality group, and additional
terms are needed to restore the S-duality invariance of the action. This amounts to chang-
ing the coefficient of the curvature squared term to an S-duality invariant function of the
axion-dilaton field. If this function can be regarded as the imaginary part of a holomorphic
function, then the action based on the Weyl tensor squared term can be supersymmetrized
and the resulting correction to the black hole entropy can be computed [§-[5]. Generi-
cally however this holomorphicity requirement is not compatible with the requirement of
S-duality and the coefficient of the curvature squared term contains a part that cannot
be regarded as the imaginary part of a holomorphic function [3-R5. In such cases it
is not known how to supersymmetrize this term, and hence the method of [§—[IF] is not
directly applicable. Nevertheless a form of the modified entropy and attractor equations
was guessed in [[[), [[J] by requiring S-duality invariance of the final result. On the other
hand since in our analysis we do not supersymmetrize the action and just work with the
Gauss-Bonnet term, we do not have any difficulty in extending our analysis to include the
non-holomorphic terms, and find an expression for the modified entropy and the attractor
equation. Surprisingly, the results again match with the equations guessed in [[J, [[J]. Thus
in a sense our analysis gives a derivation of the equations conjectured in [, [J], although
in the context of a different (but related) theory.

The rest of the paper is organized as follows. In section ] we review the construction
of the black hole entropy function for an extremal black hole in four dimensions with near
horizon geometry AdS; x S? and use this formalism to demonstrate that the black hole
entropy is independent of the asymptotic values of the moduli scalar fields. We also show
that the entropy computed using this formalism is unchanged under a field redefinition of
the metric and scalar fields and also under an electric-magnetic duality transformation. In
section f] we analyze extremal black hole solutions in heterotic string theory compactified on
M x T? where M stands for a suitable compact manifold (e.g. T* or K3 or some orbifolds
of these.) We analyze black hole solutions carrying momentum and winding charges, as well
as Kaluza-Klein monopole and H-monopole charges associated with the two circles of T2,
— first in the supergravity approximation and then including the Gauss-Bonnet term that
arises at the heterotic string tree level. We find that the final result for the entropy as well



as the near horizon values of the metric, gauge field strengths and the axion-dilaton field
are identical to the ones found in [§—[LF] based on supersymmetrized Weyl tensor squared
terms. In section [ we focus on the special case of N' = 4 supersymmetric heterotic string
compactification, — either by taking heterotic string theory on T or by considering more
general class of CHL compactifications [[lf—R1], — but go beyond the tree approximation
and include higher order corrections so as to restore S-duality of the effective theory. We
analyze the black hole entropy in the modified effective field theory using the entropy
function, and find an S-duality covariant expression for the black hole entropy and the
near horizon value of the axion-dilaton field. These equations agree with the form of the
answer guessed in [[L1], [[J] using the requirement of S-duality invariance.

Appendix [f] is devoted to fixing the normalization of various electric and magnetic

charges which arise in this theory.

2. Black hole entropy function

Since we shall be analyzing extremal black hole solutions in four dimensional string theory,
we begin by briefly reviewing the results of [f]] in four dimensions. Let us consider a theory
of gravity coupled to a set of abelian gauge fields A,(f) and a set of neutral scalar fields
{¢s}, described by a gauge and general coordinate invariant Lagrangian density £. In this
theory we consider an extremal black hole solution with near horizon geometry AdSs x S2.
The most general near horizon field configuration consistent with the SO(2,1) x SO(3)
symmetry of AdSs x S? is of the form:

2
ds® = v, (—ertQ + d%) + vy (d6? + sin® fd¢?)
r

¢s = us

i i bi .
Fr(t) = e, Fe((b) =i sinf , (2.1)
where F,Si,) = 8MAl(,i) - &,A,(f) and vy, vy, {us}, {e;} and {p;} are constants labelling the
background. We now define:

Fi,7,6,p) = /dadgzn/— detg L (2.2)

evaluated for the background (R.1). Furthermore we define

q = e F(u,v,q,p) =27(e;q; — f(u,7,€,p)) (2.3)
(2

so that F'/27 is the Legendre transform of the function f with respect to the variables {e;}.
Then it follows as a consequence of the equations of motion that for a black hole carrying
electric charge ¢ and magnetic charge p, the constants ¥, @ and € are given by:
oF oF oF
= 07 _ = O7 _ =
Oug ovy Ova
1 OF(u,,q,p)

€ = —

27 8(]2‘

0. (2.4)

(2.5)



Furthermore, using the results of [26—R9] one can prove that the entropy associated with
the black hole is given by:

evaluated at the extremum (R.4).
An alternative but equivalent formulation is to treat € and ¢ as independent variables,

and define:
F(d,v,¢e,q,p) =2n(e; qi — f (4, U, €,p)) (2.7)

The equations determining 4, ¢ and € are then given by:

OF _ . OF _  OF _  OF _

= — = — = 0. 2.8
8us ’ 81)1 ’ 81)2 ’ (962‘ ( )

The entropy associated with the black hole is given by:
SBH == F(ﬁv 177 ga(jam ) (29)

at the extremum (.§).

It is worth emphasizing again that these results follow as a consequence of the equations
of motion and Wald’s formula for entropy [R§-PY in the presence of higher derivative
terms [[. Supersymmetry was not used in this analysis. However in the special case of
N = 2 supersymmetric theories, these results reproduce the observation of [B{] that the
Legendre transform of the entropy with respect to the electric charges gives the prepotential
of the theory [fl].

Before concluding this section we shall discuss some important consequences of this
result:

1. Since the construction of the function F involves knowledge of only the Lagrangian
density, the functional form of F' is independent of asymptotic values of the moduli
scalar fields. Thus if the extremization equations (R.4) determine all the parameters
i, U, then the value of F' at the extremum and hence the entropy Spp is completely
independent of the asymptotic values of the moduli fields. If on the other hand the
function F' has flat directions then only some combinations of the parameters @, U
are determined by extremizing F', and the rest may depend on the asymptotic values
of the moduli fields. However since F' is independent of the flat directions, it depends
only on the combination of parameters which are fixed by the extremization equations.
As a result the value of F' at the extremum is still independent of the asymptotic
moduli. Thus the entropy of the black hole is independent of the asymptotic values
of the moduli fields irrespective of whether or not F' has flat directions. This is a

generalization of the usual attractor mechanism for supersymmetric black holes in
supergravity theories @f@]

2. An arbitrary field redefinition of the metric and the scalar fields will induce a re-
definition of the parameters #, ¥, and hence the functional form of F' will change.
However, since the value of F' at the extremum is invariant under non-singular field



redefinition, the entropy is unchanged under a redefinition of the metric and other
scalar fields. To see this more explicitly, let us consider a reparametrization of 4 and
¥ of the form:

us = gs(u,v,€,p), v; = hi(u,v,€,p), (2.10)

for some functions {gs}, {h;}. Then it follows from egs. (2.9), (.7]) that the new

—

entropy function F (i, v, €,q,p) is given by:

SN

F(u,0,8q,p) = F(a@,7,&,q,p) . (2.11)

It is easy to see that egs. (R.§) are equivalent to:

OF OF OF OF

Thus the value of I evaluated at this extremum is equal to the value of F' evaluated
at the extremum (P.§). This result of course is a consequence of the field redefinition
invariance of Wald’s entropy formula as discussed in [R7].

3. As is well known, Lagrangian density is not invariant under an electric-magnetic
duality transformation. However, the function F', being Legendre transformation of
the Lagrangian density with respect to the electric field variables, is invariant under
an electric-magnetic duality transformation. In other words, if instead of the original
Lagrangian density £, we use an equivalent dual Lagrangian density £ where some of
the gauge fields have been dualized, and construct a new entropy function F (u,7,q,p)
from this new Lagrangian density, then F' and F are related to each other by exchange
of the appropriate ¢;’s and p;’s. In the context of two derivative theories this point
has been noted in [B4].

3. Dyonic black holes in heterotic string theory

We shall now apply the results described in section f] to heterotic string theory on M x
Slx§ 1 where M is some four manifold (possibly accompanied by background gauge fields
and anti-symmetric tensor fields) suitable for heterotic string compactification. Examples
of M are K3 or T*, but more general orbifold compactifications are also possible. We use
o' = 16 unit and denote by z® and 2° the coordinates along S! and S? respectively. We
also normalize the coordinates 28 and 2 such that they have periodicity 2rvo/ = 87. We
denote by n and w the number of units of momentum and winding along S', by 7 and @
the number of units of momentum and winding along § 1 by N and W the number of units
of Kaluza-Klein monopole charge [BY, B] and H-monopole charge [B7] associated with S*
and by N and W the number of units of Kaluza-Klein monopole charge and H-monopole
charge associated with Sl

LA Kaluza-Klein monopole associated with S* represents a background where the circle S! is non-trivially
fibered over the two sphere labelled by 0, ¢. An H-monopole associated with S* represents a five-brane
wrapped on M x St.



Although eventually we shall be interested in studying a general black hole solution
carrying all the eight charges, we shall first consider black hole solution with non-zero n,
w and ]V, /I/I\?, setting m = w = N = W = 0. In the supergravity approximation the four
dimensional fields relevant for the construction of this black hole solution are related to

the ten dimensional string metric GE&IOK,, anti-symmetric tensor field B(1 ) and the dilaton

®(10) via the relations:2

1 1 1
= — 2 n(G4Y) — T n(GLYY) — 5V

S—etneva, Re ),

o = G2 — (G D 67— ) el

A(l) 2 (GE%O)) GE()LO) , A}(,LQ) — §(Gé§0)) GSLO) ,

3 (10)
A( ) — 2Bgﬂ ,

AD = B( 0 (3.1)
where V) denotes the volume of M measured in the string metric. The effective action
involving these fields is given by

S = 37 d'zV=detG S |Rg + S~2G"™ 9,50,

~R72G" 9,R9,R — R™2G" ,RO,R
_R2GM G;L’l/ F(l)F(l) ]A:EQ G G;L’l/ F(Q) F(Q)

vv! vv!

_R2 M G,u v (3) F(3) }?72 GH G;L v F(4) F(4)

v/ 1274
+ higher derivative terms + string loop corrections (3.2)

From the definition of AE;) given in (B.1]) it follows that the fields A}(}) and Aff') couple
to the momentum and winding numbers along the z? direction, whereas the fields Aff)
and Aff‘) couple to the momentum and winding numbers along the x® direction. Thus the
electric charges ¢; and ¢3 associated with the fields A(l) and A( ) are proportional to 7;4

and AL) are proportional to the quantum numbers N and W respectively. The constants

and w respectively, while the magnetic charges p» and p4 associated with the fields A(2

of proportionality have been determined in appendix [f] and the result is as follows:

1 1 G W
G =5n G=gw, pp=4ATN, py=dxW. (3.3)

We now consider an extremal black hole solution in this theory with near horizon
geometry:

d 2
ds® = vy <—r2dt2 + %) + va(d6? + sin® Odg?) ,
T

S:us, R:uR, RZUE

FO ey BO gy pO P2 p@ D1

0o A7 00— 4x (3-4)

We use the symmetry z® — —z% together with a parity transformation of the non-compact directions
to set G'gg = 0, Bgg = 0 and By, = 0.



For this background geometry, we shall first compute the function f defined in (R.2) by
ignoring the higher derivative terms and string loop corrections in the action (B.2). A
straightforward calculation gives:

flus,ur, T vn,vm, 1, ppn)= [ d0ds V=0 G L (3.5)
1 2 2 2ulel 263 5 D3 o P2
=—-v1vU8 |—— 4+ — + - > — Uz
g 172hs [ vl U9 v? u¥, v} R 167203 R 167203
Egs. (B.-3) now give:
1 () 1 _
L= Gus —up el g3=g5us —up e, (3.6)
and
F(US,UR,ﬂR,Ul,Ug,Q1,Q3,p2,p4) (37)
m 2 2 8¢  8uhd3 o 1P} 5 P
=—vivousg |—— — 2u= 2u=
g L2 [vl Vg u%% v3 u% + v3 u% TeuR 167203 Uy 167202

It is now straightforward to solve eqs. (R.-4). The result is:3

1 o
U1 ZUQZWP2P4Z4NW

_ q143 nw /a1 n _ /Pa _ W
ug = 8w =,/=, UR = 4]/ — =4/ —, ug=,/—=1/=. (3.8
P2p4 NW a3 w p2 N

Eq. (£.6) now gives

SBH = \/q193P2P4 = 2V nwﬁw (3.9)

This agrees with the standard result for the entropy of four charge black holes in (3+41)
dimensions.
By examining the background (B.§) we see that the effective string coupling square at

the horizon is given by u;l ~ /N W/nw, whereas the sizes of AdS, and S?, measured

in string metric, are of order /vy, /vy ~ V NW. Finally the squares of various field
strengths appearing in the action are of order 1/NW. This shows that in this background

the string loop expansion is controlled by the combination 4/ NW /nw and the o/ expansion

is controlled by the parameter 1/ NW. From now on we shall work in the limit nw > NW
so that higher loop correction terms are negligible, and work with the tree level heterotic
string theory. In this case we expect that the o/ corrections to the solution and the entropy
will generate a power series expansion in 1/ NW.

We shall now consider a specific higher derivative correction to the action, namely
the Gauss-Bonnet term.? At tree level in heterotic string theory this corresponds to an

3We are implicitly assuming that ¢; and p; are all positive. Otherwise ¢;, p; must be replaced by g,
|pi| in the final formulee.

4There is no a priori reason to believe that this calculation would reproduce the correct entropy for
heterotic black holes even for large nw/ N W7 since the full tree level effective action contains other terms.
However we shall see that the final result for the entropy agrees with that of Cardoso et.al., which in turn
is known to reproduce correctly the microscopic entropy of the black hole.



additional term in the Lagrangian density of the form [{>-6

S vV po 4
AL = {ReupoRE"" — ARG RY + RE} (3.10)

where Rgu 0 denotes the Riemann tensor computed using the string metric G,,,. This
induces the following change in the functions f and F

Af=-2us — AF=4mug (3.11)

and does not change the relation (B.f) between ¢; and e;, since the correction term is
independent of e;. Eqgs. (24), (B.§) with the new function F + AF now give:

01:U2:4NW+8
W
ws= =0 up= R up=y | (3.12)
NW +4 w N

Spr = 27 v/nw\| NW + 4. (3.13)

and

For N = W = 0 in (B13) we get Spy = 4my/nw. This agrees with the results
of [ (7 (which in turn agrees with the microscopic counting based on degeneracy of
elementary string states) even though the action used in the analysis of these papers was
quite different. This surprising agreement was noted in [B4] and will be extended and
discussed in more detail later in this section. We also note that if we set N = W = 0
and take nw to be negative, we get Sy = 4m\/|nw| (see footnote ff). On the other hand
these configurations correspond to non-BPS fundamental heterotic string states with only
right-moving excitations on the world-sheet. The expected microscopic entropy for this
system is 2v/27my/nw. Thus the Gauss-Bonnet correction to the low energy effective action
is not able to reproduce the microscopic entropy of these non-BPS states.

We shall now extend our analysis to a general black hole solution carrying all eight
charges n, w, n, w, N, W, N , W. In order to describe a black hole configuration of this
type, we need to include in our analysis a more general set of fields. These include the
metric G, four gauge fields A,(f) (1 <i<4), the axion field a, the dilaton field S, and a
real 4 x 4 matrix valued scalar field M satisfying:

MLMT =M, MY =M, L= (3.14)

o = O O
— O O O
o O O
o O = O

®The Lagrangian density also contains a term involving the product of the axion field a and the Pon-
tryagin density [H], but this term vanishes identically in AdSs x S? background, and we do not need to
include this term in our analysis.

6Some recent discussion on the effect of Gauss-Bonnet and other higher derivative terms on black hole
solutions can be found in @7@]



In the supergravity approximation these fields are related to the ten dimensional fields
G0 B](Vl[(;\), and ®19 as follows (see e.g. [22)):

MN>
émn = GSL?L), Emn = Br(ég) s m,n =38,9,
amn _ (@—1)77171
G G 'B
M=\ _s51 a_pa1p):
—-BG G —-BG™'B

AQOT) = SGmnGUD. QT = LB B, AQOT 0 <pu <3,

G,uz/ _ G;(}VO) _ amnG(lo)G(lo)

mu Tnv o
B,ul/ — BS/) _ 4B\mnAEL107m)Al(/107n) _ Q(Agtlofm)Al(}Qfm) _ Al(jlofm)AfLHfm)),
& = 910 — ilndet@ - %m Vv, S=e 22, (3.15)

Finally a is defined through the relation

H,,, = (0,B,+ 2A,(f)Liij(f;)) + cyclic permutations of u, v, p, 1<4,j <4,
= GGGy S~ (V=det G) ' V77 dya. (3.16)

In terms of these four dimensional fields, the effective action in the supergravity approxi-

mation is given by:

1 1 1 1
S =— [ dzv—det GS[RG + =5 G" (0,50, — 5(%@8,,(1) + gG“”TT(@MMLayML)

327 52

We now look for a near horizon field configuration of the form:

d 2
ds® = vy <—7"2dt2 + %) + vy (d6? + sin® 0 d¢?)

S =ug, a = Uq, Mij = unij
. N D
FY =e, FyY)= ot (3.18)

Substituting (B.18) into (B.17) and using (R.9) we get

flus,ug,up, v, €,p) = /d@dgb\/—detGﬁ

1 2 2 2 1 U
= — V1 V22U |:—— + — + —ei(LuML)ijej — Wpi(LUML)ijpj + 7a€iLijpj
2

2
8 vy V2 U] TUSV1V2

(3.19)

Its Legendre transform with respect to the variables e; gives the entropy function F":

of  woug U
%= 50 = Do (LunrL)ije; + o= Lijp; (3:20)




F(US,UG,UM,ﬁ,q),m = 277(61'%‘ - f(uS,ua,uMaﬁagaﬁ))

us U1 T v1 2 2y, T
— 2 | Y5y — o S - LuyL
™ (va —w1) + vytis q upmq+ 61m20pug (ug + ug)p” LupsLp
" uprLp| . (3.21)
dmvoug

As shown in appendix [A], the charges ¢, p are related to the quantum numbers n, w, n, w,

N, W, N, W as

1 1 1 1
q1—2n, QQ—2n7 q3_2w7 Q4—2w7
pr=4nN, po=4nN, p3=4aW, py=47WW. (3.22)
This suggests that we define new charge vectors:
1
Qi =2q;,  Pi=_Lipj, (3.23)

so that P; and @; are integers. In terms of Q and P the entropy function is given by:"

T
F=C _
5 ug(vy —v1) + il

(QTUMQ + (u +u?) PTup P —2u, QTuMP) . (3.24)

We now need to find the extremum of F' with respect to ug, ug, upsj, v1 and vo. In
general this leads to a complicated set of equations. However we can simplify the analysis
by noting that the action (B.17) has an SO(2,2) symmetry acting on M and F&)

M — oM FY) —Q;F), (3.25)

where () is a matrix satisfying

Q'L =1L. (3.26)

(B.25) induces the following transformation on the various parameters:

e; — $jey, pi — Qijpj, upr — Qup QT
g — (LQL)ijq5, Qi — (LOQL);Q5, B — (LQL)y P . (3.27)

The entropy function (B.24) is invariant under these transformations. Since at its extremum
with respect to upz; the entropy function depends only on P, Q, v1, va, ug and u, it must
be a function of the SO(2,2) invariant combinations:

Q*=QiL;;jQj, P?>=PLyP;, Q-P=QiL;jP;, (3.28)

besides v1, v2, ug and u,. Let us for definiteness take Q% > 0, P? > 0, and (Q-P)? < Q*P2.
In that case with the help of an SO(2,2) transformation we can make

(I-L)yQ; =0, (I—L)yP=0, (3.29)

/
"As expected, F is invariant under the S-duality transformation (g,) = <m n) <g), up, + ius =
r s

{m(uq + ius) + n}/{r(ua + ius) + s)}, v; = vius/us.

,10,



where I denotes the 4 x 4 identity matrix. It can be easily seen that for P and Q satisfying
this condition, every term in (B.24) is extremized with respect to uy; for®

up = 1. (3.30)

Substituting (B-30) into (B:24) and using (B-23), (B-29), we get:

T v (Q° P, o, Ua
F=— — — | —+ — -2—Q-P . 3.31
2 Juste - o)+ 2 (L4 Zed 4 220 (3.31)
Written in this SO(2,2) invariant manner, eq. (B.31) is valid for general P, § satisfying
P?2>0,Q*>0and (Q-P)? < Q*P.

It remains to extremize F’ with respect to v, v9, ug and u,. This gives

2P2 _ . P 2 . P
v, = vy = 2P?, ug = \/Q pz(Q ) , Ug = QPT . (3.32)
The black hole entropy, given by the value of F' for this configuration, is
Spp =m\/Q?P2— (Q-P)2. (3.33)

Finally let us discuss the effect of adding the Gauss-Bonnet term given in (B.1(). Since
this does not affect the relation between ¢ and €, we get, as in ([B.11]),

Af=-2us — AF=4rug. (3.34)

For F given in (8.24) and Q, P satisfying (B.29) we have an extremum of F + AF at

uy =1, (3.35)
US:\/QQPQ—(Q-P)Q’ o QP
P2(P2 +8) P2
v = vy =2P? 438, (3.36)
and
Spy = F = 7T\/(P? + 8)(622]1;2 —(@-Pp?) (3.37)

Since eqs. (B-36), (B.37) are written in an SO(2,2) covariant form, they are valid for general
Q, P with Q2 > 0, P2 >0, (Q - P)? < Q*P2.

Another quantity of interest is the apparent entropy of the black hole that we would
get had we used the original Bekenstein-Hawking formula for our computation. Although
this is not the real entropy, this gives a convention independent measure of the near horizon
metric. For the normalization of the action used in (B.17) the Newton’s constant G = 2.

Iz

8This is most easily seen by diagonalizing L to the form where I> is a 2 X 2 identity matrix.

—1Iy
In this case Q and P satisfying (B.29) will have third and fourth components zero, and hence a variation
dunri; with either ¢ or j = 3, 4 will give vanishing contribution to each term in §F computed from )
On the other hand due to the constraint () on M, any variation 0 M;; (and hence dunrs;) with i,7 = 1,2

must vanish. Thus each term in §F vanishes under all the allowed variations of was.
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Since the canonical metric is given by g,, = S G, the area of the horizon measured in

the canonical metric is 47 ug vo. Thus the apparent entropy is given by:

Amugvy 9 Q%P? — (Q - P)?
Sy = TUSY2 o p2 gy . 3.38
e A )\/ P2(P? + 8) (3.38)
Thus ,
Supp P24
=g (3.39)

We now compare these results with the computations of [J—[J]. In these papers
a general method for analyzing supersymmetric black holes in the presence of curvature
squared terms was developed. The analysis uses a fully supersymmetric action [i§, 9], and
the curvature squared term takes the form of Weyl tensor squared rather than the Gauss-
Bonnet combination. The general results derived in these papers can be easily applied to
supersymmetric black holes in heterotic string theory on T, K3 x T? or related orbifold
models. Surprisingly, the result agrees exactly with the formula (B.37) for the black hole
entropy (see e.g. eq. (6.64) of [L3J]). In fact not only the entropy but also the values of the
dilaton-axion field given in (B.36) agree with eq. (6.63) of [L3]. Recalling that S,pp = 7|Z|?
in the convention of [[J] one can easily check that the ratio Sapp/Spm given in (B.39)
also agrees with the results of [[[J). This in turn shows that the near horizon metric is also
identical in the two formalisms. Finally, since Spp(q, p) in the two formalisms are identical,
the near horizon electric fields e; = (27)"10Spy/dq; are also identical.” Given that the
starting points are quite different, — we have added a Gauss-Bonnet term to the action
without supersymmetrizing it, whereas ref. [[3] uses a fully supersymmetrized version of
the Weyl-tensor squared term, — this agreement is quite surprising. Perhaps this indicates
that there is an alternative formulation of the fully supersymmetric action based on the
Gauss-Bonnet combination that is simpler than the one based on the Weyl tensor squared

term.

4. N = 4 supersymmetric theories and holomorphic anomaly

Toroidally compactified heterotic string theory is S-duality invariant under the transfor-
mation
mtT+n
T—»L, T=a+19, m,n,r,s €24, ms—nr=1, (4.1)
rT+ S8

together with appropriate transformation on other fields R3] (see footnote [f for the action
of S-duality transformation on various parameters). The supergravity theory described by

the action (B.17) reflects this symmetry.! However the additional term (B-10) does not
respect this symmetry and hence the effective action must receive additional corrections. In

9The near horizon magnetic field is directly given by p; /47 in both formalisms.

10 Although both for the toroidal and the CHL compactifications the ranks of the matrices M and L are
larger, using the continuous T-duality symmetry of the action we can align the charges of the black hole so
that only the fields which appear in the action () are excited.
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particular we expect the full effective Lagrangian density to contain a term of the form:!' 12

AL = ¢(a,S) {Reuwpe RE"" — ARG R + RE} (4.2)

where ¢(a, S) is invariant under the S-duality transformation ({.1) and for weak coupling,
Le. for large S, ¢ approaches S/16m. For heterotic string theory on 7 the correct choice

of ¢(a, S) is [LJ:

(2Sn(a+iS)*),  n(r) =T/ H M) (4.3)

3
The form of the action (B.17), ([£2) is valid also for a general four dimensional heterotic
string compactification with A" = 4 supersymmetry [f{, 1], e.g. in CHL models [[L§—P1],
with a different choice of ¢(a, S). In general ¢(a,S) is of the form 50, B1]:

3

P(a,S) = 162

[T244 In (2 S n(a+1iS)| > +(a+1iS)+Y(a+ zS)*} , (4.4)
where r is the total number of U(1) gauge fields in the theory and (7) is a complex
analytic function of 7 in the upper half plane such that 0,1 (7) is a modular form of weight
two under the S-duality group of the theory. * denotes complex conjugation. (1) itself
gets shifted by constants under various modular transformations, and grows linearly with
7 for large S

so that ¢(a,S) ~ S/167 for large S. For the Zy orbifold models discussed in [p1]:
1 28—
0(r) = s 2L g (N7) — () (1.6

It is now easy to study the effect of the term ([.2) on the entropy function. It gives
an additional contribution to f and F' of the form

Af = -321¢(uq,us) — AF =64n2¢(uq,us). (4.7)
Together with (B.24) this gives
_ T U1 T 2 2\ pT
F = ~lus(vz —v1) + (Q"um@ + (ug + ug) P uy P
2 V2US
—2uy, QTuMP) + 128 7 p(ug, ug)| - (4.8)

" The metric that remains invariant under an S-duality transformation is the Einstein metric g, = SG.
and not the string metric. Thus in order to get a fully S-duality invaraint combination we need to replace
the curvature tensor Rguvps in @) by the curvature tensor Rg..,- computed using the Einstein metric,
and also the v/— det G multiplying this term in the expression for the action by \/— detg. However this
difference is irrelevant for a constant dilaton background considered in (B.1§).

12Besides the Gauss-Bonnet combination the action is also expected to contain a term proportional to
the Pontryagin density [E] However as discussed in footnote ﬂ, contribution from this term vanishes for
the near horizon AdSs x S? geometry, and hence we shall not need to include this term in our analysis.

,13,



As in section f], we can use the SO(2,2) symmetry of the action to align the vectors Q) and
P to be annihilated by (I — L). In this case each term in the expression for F' is extremized
for ups = I. Substituting this back into the expression for F' we get

2 2
m U (Q_ T P_(ug +ul)—2 % Q- P> + 1287 (ua,us)| - (4.9)
S

Extremization with respect to v; and vy give:
v1 = v = ug® (Q*+ P?(uf +ul) —2u, Q- P) . (4.10)

Substituting this into ({.9) gives:

1
F= g — (Q* —2ua Q- P + P*(u? + u2)) + 1287¢(ug, us) | - (4.11)
us
The values of u, and ug at the horizon are determined by extremizing F' with respect to

ug and ug. This gives:

0
P*u, — Q- P+ 647 ug ¢ =0,
Oug
1 2 2 2 2 99 _
—— (@Q°—2u, Q- P+ P?uj) + P> +12871 — = 0. (4.12)
Ug Odug

We can now try to compare eqs. ([L11)), (J.13) with the corresponding results in the
supersymmetric version of the theory. Since ¢(a,S) given in ({.J) (or more generally ({£.4))
is not a sum of a holomorphic and an anti-holomorphic term, it is in general difficult to
supersymmetrize the corresponding Weyl tensor squared term. Due to this reason the
analysis of Cardoso et. al. cannot be directly extended to this case. Nevertheless [[[]
guessed a form of the corrected equations based on the requirement of S-duality invariance
of the theory. It can easily be shown that the expression ({.11]) for the black hole entropy
as well as the attractor equations (4.12) agree with the results guessed by Cardoso et. al.
(see e.g. eqs.(1) and (2) of [FF for toroidal compactification). This again is a surprising
agreement whose significance needs to be explored.
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A. Normalization of the charges

In this appendix we shall fix the normalization of the electric charges ¢; and magnetic

)

charges p; associated with the gauge fields Aff . For this we start by noting that according

to our convention, the presence of an electric charge ¢; induces a coupling

a / A0 A (A.1)
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)

to the constant mode of Ag . On the other hand the magnetic charge p; is defined in terms

of the asymptotic form of Fe(;):
FO=Pigng. A2
1 5o (A.2)
We begin by considering an elementary string wrapped once along S'. In the presence of
such a string there is a coupling

1
4o/

/ dg® / de* P By 0o XM g XN (A.3)

where €9 and ¢! are the world-sheet coordinates and €*? is the totally anti-symmetric
tensor on the world-sheet with ¢! = 1. In the static gauge X° = £, X? = ¢!, this gives a

1 1
ﬁBgo/de/dxg = Z/dxoBg(], (A4)

where we have used o/ = 16 and the fact that 22 has periodicity 2rva/ = 8. Using the
identification By, = 2A,S3> given in (B.1]) we can rewrite (A.4) as

1
5 / da® AP (A.5)

coupling:

Comparing with (A1) we see that an elementary string wound once along S' carry half a
unit of g3 charge. Thus for an elementary string wound w times along S*, we have

1
43 =W (A.6)

Since T-duality along the circle S interchanges the momentum and winding along S' and
also the gauge fields AM) and A®) | we get
1

qQ = 5 n. (A.7)

Finally, symmetry under the exchange S' < St gives

@=35n, QU=;uw. (A.8)

DN | =
N | —

We now turn to the normalization of the magnetic charges. Asymptotically a Kaluza-
Klein monopole solution associated with the circle S1 corresponds to a (9+1) dimensional
background:

dsiy = —dt* +a (da® +2(1 — cos 0)dp)? + dr? +r*(d6? +sin® 0d¢®) + b (dz”)? + di”* , (A.9)

where di? denotes the metric on M and a, b are constants. The coefficient in front of
(1 — cosf) has been fixed so that at § = m, the ¢ — ¢ + 27 transformation can be
compensated by translating x® by its periodicity 87. Otherwise the ¢ circle will not shrink
to a point at § = 7. Using (B.T) we see that for large 7 this corresponds to

Af;) = (1 —cosb), (A.10)
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and hence
Fy2) =sing. (A.11)

From (R.1)) it follows that the above configuration has py = 4w. Thus N Kaluza-Klein
monopoles associated with the circle S will have

pa =4 N . (A.12)

Since T-duality associated with St exchanges N and W and also A,(E) and A,(jl), it follows
that

P4 = 4T W . (A.l?))

Finally, using the S « St symmetry we get

p1 =4 N, p3=4nW. (A.14)
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